We develop a method to analyze systematically the configuration space of a D-brane localized at the orbifold singular point of a Calabi-Yau d-fold of the form C d / using the theory of toric quotients. This approach elucidates the structure of the Kähler moduli space associated with the problem. As an application, we compute the toric data of the -Hilbert scheme.
Introduction
The configuration space of a D-brane localized at the orbifold singularity of a Calabi-Yau d-fold of the form C d / , where is a finite subgroup of SU(d), is an interesting object to study, because it represents the ultra-short distance geometry felt by the D-brane probe [12] , which may be different from the geometry of bulk string. On mathematical side, the D-brane configuration space corresponds to a generalization of the Kronheimer construction of the ADE type hyper-Kähler manifolds [26] to higher dimensions, which has been studied by Sardo Infirri [38, 39] . He has shown that the D-brane configuration space is a blow-up of the orbifold C d / , the topology of which depends on the Kähler (or Fayet-Iliopoulos) moduli parameters; moreover he has conjectured that for d = 3, the D-brane configuration space is a smooth Calabi-Yau three-fold for a generic choice of the Kähler moduli parameters. The case in which is Abelian is of particular importance, because then the configuration space is a toric variety, which enables us to employ various methods of toric geometry to study it. Using toric geometry, several aspects of the D-brane configuration space have been studied so far [10,11,13,18,27,30,31,36].
Our aim in this article is to give a method to analyze systematically the structure of the Kähler moduli space associated with the D-brane configuration space which releases one from the previous brute force calculations, for example see [27, (53-74) ]. It turns Present address: Inst. of Physics, Univ. of Tsukuba, 1-1-1 Ten-no dai, Tsukuba, Ibaraki 305-8571, Japan. E-mail: mohri@het.ph.tsukuba.ac.jp out that the theory of toric quotients developed by Thaddeus [41] provides us with the most powerful tool to investigate the D-brane configuration space. This approach has already been taken in [39] , where the analysis of the toric data is reduced to the network flow problem on the McKay quiver defined by the orbifold.
To save the notation, we consider only cyclic groups for , but the generalization to an arbitrary Abelian group, that is, a product of several cyclic groups, should be straightforward.
The organization of this article is as follows: In Sect. 2, we explain in detail the construction by Thaddeus [41] of quasi-projective toric varieties and their quotients by subtori in terms of rational convex polyhedra. This formulation gives us a clear picture of the Kähler moduli space associated with a toric quotient [24, 41] .
In Sect. 3, we describe the configuration space of a D-brane localized at the orbifold singularity as a toric variety obtained by a toric quotient of an affine variety closely following the treatment by Sardo Infirri [39] . Then we give typical examples of phases of the D-brane configuration spaces for Calabi-Yau four-fold models.
Section 4 is devoted to an application of our construction of the D-brane configuration space to the -Hilbert scheme [22,23,32,33,37], which is roughly the moduli space of | | points on C d invariant under the action of , in the hope that the investigation of various Hilbert schemes sheds light on the geometrical aspect of D-branes on Calabi-Yau varieties [4, 5, 35] .
For textbooks or monographs dealing with various aspects of toric varieties and related topics, consult [1, 7, [15] [16] [17] 34, 40, 44] , as well as the physics articles [2,28,42], which contain introductory materials intended for physicists. (2.2)
Toric Varieties and Its Quotients
Let P be a p-dimensional convex polyhedron in the vector space M Q . We want to associate a quasi-projective toric variety to the data (M, P ), which we denote by X(M, P ) or simply by X(P ) if no confusion occurs. P can be represented as an intersection of half-spaces as follows:
where v a ∈ N and t a ∈ Q and is an index set. For technical reason, we put the following assumptions on P :
